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1. Introduction 

Since the advent of quantum mechanics, representation theory and mathemat- 
ical physics have enjoyed close ties — indeed, in some areas this is so self-evident as 
to go almost un-noticed. In the subject of exactly solved models of two-dimensional 
statistical mechanics, it has not always been so. But developments in the last 
decade have been rapid. The quantum inverse scattering method — an algebraic 
implementation of the Bethe Ansatz and associated Yang-Baxter equations — cul- 
minated in the theory of quantum groups [1-5]. Representation theory of infinite 
dimensional Lie algebras is paramount in Conformal Field Theory [6,7]. In the 
massive case. Corner transfer matrices (CTMs), invented by Baxter [8,9], pointed 
to the involvement once more of representation theory, through the appearance of 
character formulae [10,11]. 

In [12] was given a new scheme for diagonalising the XXZ (six-vertex) Hamilto- 
nian spin chain, in the anti-ferromagnetic regime, using the Quantum affine algebra 
Uqi^sh). The aproach of that paper has been extended to higher spin chains [13], 
to the higher rank case [14] and to the SOS models of Andrews, Baxter and For- 
rester [15,16]. In the six- vertex case, the scheme has been used to give general 
expressions for the n-point correlation functions [17]: it also provides a means to 
derive qf-difference equations for correlation functions for all the models [18,19]. 
The six-vertex model, and its higher-spin and higher-rank generalisations, are re- 
lated to the quantum affine algebra U^[sl2) of Drinfeld and Jimbo [2], since their 
Boltzmann weights form the i?-matrices which intertwine tensor products of finite- 
dimensional representations. For the SOS models the relation is more technical: 
the Boltzmann weights are the connection matrices which intertwine vertex opera- 
tors — themselves intertwiners — discovered by Frenkel and Reshetikhin [20] . An 
important ingredient in the use of the quantum affine algebra for the solution of 
these models is the fact that the eigenvectors of their CTMs may be idendified with 
the weight vectors of level-A; infinite-dimensional modules, and their CTMs with 
the derivation operator d [21,22]. In this way, physical calculations are reduced to 
problems of representation theory. 

CTMs act on a semi-infinite spin chain rather than the full infinite chain of the 
row transfer matrix (RTM) and its associated Hamiltonian. The scheme presented 
in [12] is that one selects an arbitrary point in the infinite chain, and then employs 
the eigenvectors of a level- 1 module and its dual (which is level —1) to represent the 
states of the left and right hand semi-infinite parts, respectively. The state space 
of the entire chain is then a tensor product and is a level-0 module. This tensor 
product is highly reducible; the most obvious reduction being the decompositions 
into n-particle states. One may shift the selected point at which translational sym- 
metry is broken, one site at a time, using the theory of quantum vertex operators 
[20]. This gives a viable representation-theoretic realisation of the translation op- 
erator T. Since the derivation d was already identified with a Hamiltonian spin 
chain (the CTM) whose coefficients are linear in the position along the chain, the 
usual Hamiltonian spin chain becomes identified with a multiple of the operator 
{TdT~^ — d). We shall give some further relevant details, for Hxxzi in a later 
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section of this paper, but otherwise we refer the reader to the cited references. 

These developments highlight the importance of further study of level-0 
Uq(^sl2) modules. In the Lie algebra case it is shown in [23,24] that the only 
integrable level-0 modules, with finite dimensional weight spaces, are loop mod- 
ules (up to isomorphism). Since our interest is in the generic case of Uqi^sh)-, we 
confine our attention here to loop modules. They are, of course, constructed by 
defining an appropriate module action on the affinization of a finite dimensional 
Uq{sl2) module — see (3.1) below. For the most part, this paper considers the 
fundamental properties of the loop modules, such as their generation from "high- 
est weight" components, reducibility, tensor products and the construction of a 
crystal base. We do, however, return to the problem which motivated this study 
in section 6 of the paper. There we apply our results to a better understanding of 
the diagonalisation scheme for Hxxz, referred to above. 

The plan of the paper is as follows. In section 2 we give the necessary defi- 
nitions of the quantum algebras and the presentations employed herein. Section 
3 defines loop modules and their character function: we also derive an important 
determinant formula to be used later. Section 4 is devoted to questions about the 
fundamental structure of the loop modules and their tensor products. In section 
5 we construct a crystal base for a subset of the loop modules. We show that the 
loop modules do not enjoy the nice existence and uniqueness properties (modulo 
the crystal lattice) of a crystal base, which hold for the highest weight modules. 
Section 6 returns to the problem which motivated this work: the diagonalisation 
of i^xxz using the quantum affine symmetry. We give some new results, particu- 
larly about the preservation of the crystal lattice by the particle creation operators. 
Some concluding comments are made in section 7. 



2. Notations 

2.1 DeGnition ofUqish). We follow Jimbo [5]. Uqish) is an associative algebra 
generated by e, /, t, which satisfy the defining relations 

tet-^ = q^e, iff-' = q-^f, [e, /] = (2.1) 

The representations we use are built on the basic {I + 1) -dimensional irreducible 
Uqish) modules V/, with weight vectors (A; = 0, . . . , Z), defined by the module 
action 

e-vi = [/- A; + l]4_i, 

/■4 = [fc + l]4+i, (2.2) 

where [n] = {q^ — q~'^)/{q — q~^), = is the highest weight vector, and = 
if k <0 or k > 1. 

For Uql^sh) the generators are Cj, fi, ti, {i = 0, 1), and they satisfy 



Quantum Loop Modules and Quantum Spin Chains 3 

u - 1-^ 

titj — tjtj,, [^ij fj] — g ' (^■^) 

ehj - (9^+1 + Q~'^)eiejei + (g^ + 1 + q~'^)eiejef - e^ef =0, (i 7^ j), 

fffj - (q'+i + q-^)fff3h + (9' + 1 + q-^)hfjfl - fjff = 0, (i ^ j)- 

where Aij is the generaUsed Cartan matrix for the affine Lie algebra SI2 

^i-{-2 '2)- (2.4) 

FinaUy, the full quantum affine algebra Uq{sl2) is obtained by adding the generator 
g*^. d is the derivation, for which 

[d,ei]= Si^QSi, [dJi\ = -Si^ofi, [d,ti\ = 0. (2.5) 

Formulae for the crystal base depend on the normalisation of the roots via 
the parameter = g('^»'"i). Since we are only interested in the case of C/q(si2), 

we follow [12] and choose (ai^ai) = 1. Consequently, our conventions for SI2 are 
as follows. The Cartan subalgebra H is spanned by {ho,hi,d} and ao, ai are 
the roots. They are related to the fundamental weights by ao = 2Ao — 2Ai + 5, 
CKi = 2Ai — 2Ao; we also write p = Aq + Ai. The invariant form on H* is given by 
(Ai,Aj) = SiiSji/i, {Ai,5) = 1/2, (5,5) = 0. The weight lattice and its dual are 
P = ZAo © ZAi © Z6 and P* = Zho © Zhi © Zd, with (A„ hj) = 5^j, (A„ d) = 0, 
{5, hi) = 0, (5, (i) = 1. We identify P* with a subset of P via ( , ), so that 2ai = /ij 
and Ap = Ad + hi. 

2.2 Drinfeld's realisation. We shall require the realisation of t/g {^h) due to Drin- 

feld [3]. U^[sl2) is the associative algebra over C with generators K^'^, {x^ | k e 
Z}, {/ifc I /c G Z^o}, and central elements 7^^, satisfying the following defining 
relations: 

[2k] (7^^ — 7"^^) 

[hk, hi] = 5k -I — —r: — , 

k{q-q 1) 

[K, hk] - 0, 

[hk,xr]^±k-\2k]j^i'^\'^\y^xi^, ^'-'^ 

^-1 _ l^'^i^k+l - ^k+l 

Ffc , X; J — ^ ^ , 

where only 1?/;^ | k G Z>o} and {0^ | /c G Z<o} are non-zero; they are given by the 
formal expansions 

00 / oo 

^^'4^kU^ = Kexp I {q-q~^)^hkU^ 



k=0 \ fe=l 

00 / 00 

A;=0 V /c=l 



(2.7) 
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The isomorphism between the two presentations (2.3, 2.6) is given by 

eo^x^R-^, fo^'jKxIii, to^-fR-^, 
ex^x^, fi^XQ, ti^K. 

For Uqish) we must add the derivation d. The isomorphism (2.8) gives the 
commutators of d with , x'^ii and K. It is readily checked that these imply 

[d,x^]=kx^, (keZ), [d,i(}k] = ki^k, (A; e Z>o), 

[d, hk] = khk, {k e Z^o), [d, (t>k] = k4>k, {k G Z<o). 

2.3 Co-algebra structure. We define a coproduct A and an antipode S for the 
presentation (2.3) by 



A(ej) = Ci (g) 1 + e,, S{ei) = -t-^ei 

A(/,) = /. ® t-' + 1 ® /„ S{n) = -Ui, (2.10) 
A{t^)^ti^ti S{ti)^t-\ 

A is related to the co-product used in Chari and Pressley [25] by transposition; in 

the terminology of Kashiwara [26] it is the upper co-product. No general formula 
for the co-product is known in the Drinfeld presentation. However, some partial 
results are given in [25]. We recall them here for convenience. Denote by H the 
subalgebra of U = Uqish) generated by d, 7, K, hk, {k e Z^o), let N± be the 
subalgebras generated by the x^, {k E Z), and X± the linear span of the x^. Then 
we have that U — N^HN^. Furthermore, it is shown in [25], proposition 4.4, that 
the co-product A satisfies the following: 
(i) mod(C/X_ (g)C/X2), 



k 



A{x+) = 4 1 + ^ x+_„ {k > 0), 

1=0 

fc-1 

A{xtk) = xlfc ® 1 + J] ® x+_^, {k > 0), 



(2.11) 



i=0 



(ii) mod(t/X2 (g)t/X+), 

A{x]^) = l®x^ + J2^k-i®^i^ (fc>0). 



k-i 



i=0 

k 



(2.12) 



A(x_^) = l^x_,^ + J2 ^i-k ® <t>-i^ ('^ > 0)' 



i=0 
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(iii) mod(C/X_ O UX+ + UX+ ® UX-), 

k 

H'^k)^^^^®^k-^: (/C>0), 



i=0 

k 



(2.13) 



A(0_fe) = (A;>0), 



i=0 



3. Quantum Loop Modules 

3.1 Definitions. Finite dimensional representations of Ug^sh) are constructed by 
first defining an evaluation map depending on a parameter a G {i.e. a ^ 0) 
[25,27]. Let L = C[t, t^^] be the ring of Laurent polynomials in the formal variable 
t. If F is a vector space over C, we define the loop space L(]/) as 

L(T/) = L®y (3.1) 

as in [24] . The evaluation map which we employ herein for the construction of loop 
modules is defined, for the presentation (2.3), as follows: 

Definition 1. For any a G let (fa : U^[sl2) — > L{Uq[sl2)) be given by 
iPaieo) =t^af, v?„(/o) = t"^ ® a"^e, 

(^„(ei) = l®e, (/^a(/i) = l®/, (3.2) 

(Paito) = 1 ^ K-\ ipa{ti) = l^K. 

It is easy to check that: 

Lemma 3.1. (pa is an algebra homomorphism and the image of the Drinfeld gen- 
erators 7, x^, is given by 

'Pail) = 1, 

<Pa{x+)=t''0a''K''e, (3.3) 

We use (pa fo construct loop representations of Uq(^sl2). Since fail) = 1? these 
modules will be of level 0. 

Definition 2. Let {n,V) be a representation ofUq{sl2). Then we construct the 
loop representation it a ofU'q{sl2), a G C^, on the space L(y) as follows: 

TTa = (id®7r) o(^„, (3.4) 
i.e., TTa is a composition of maps 

[/^(^)^L(t/g(si2))'^L(End(y)) = L®End(y). (3.5) 
This representation ita extends to a representation ofUq{sl2), by setting: 

TTaid) = ® 1- (3.6) 

We define more general quantum loop modules by a simple generalisation of the 
loop group construction given in [24]. 
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Definition 3. Let (tt^^VJJ, (i = 1,...,A;), be irreducible + l)-dimensional 
highest weight representations of Uq[sl2) and let ai G C^. Then the module 

V{1; a) — L(VJ^ ® ■ ■ ■ ® VJ^) is defined via the Uq{sl2) action 

n,a = Pl.O (TTai • • • TT^ J O Afc (3.7) 

where Ak is the k-fold iterated co-product and Pl is the linear map 

Pl : L(End(F)) (g) • • • ® L(End(V^)) — > L(End(l/) (8) • • • ® End(K)) (3.8) 

which identifies the powers of the formal variable t in each factor. 

We remark that the action of d on loop modules is given by d- (t"^®f ) = n{t'^(E) 
v). One could define twisted loop modules by modifying this action to d-{t'^<^v) — 
{n + c){t^ <Siv), c e , but we shall not choose to make this generalisation. Also, 
one can use arbitrary highest weight Uq{sl2) modules, but we shall not consider 
this complication either. Obviously one recovers finite-dimensional representations 
of U'q{sl2) by dropping the derivation and setting t = 1. 

3.2 Dual modules. We shall need dual loop modules, which we now define. First, 
given a representation (tt, V) of Uq(^sl2), the dual representation (tt*, V*) is defined 
by the action 

{x-u*,v) = {u*,S{x)-v), y u* eV\ u eV, X eUq{sl2). (3.9) 

Recall also that the loop space L(V) — Jj ^ V is turned into a representation 
(7ro,L(y)) of Uq(^sl2) by pulling back a representation (tt, F) of Uq{sl2) using the 
evaluation map (fa- We can use the dual space V* in the same way. It is easy to 
check that 

{id® S) O 'fq'2a = fa^ S, (3.10) 

where on the left hand side the antipode is acting in Uq{sl2) and on the right hand 
side it acts in U'q{sl2). The definition of a dual loop module may now be given: 

Definition 4. Let (tt, F) be a representation of Uq{sl2) and {n* ,V*) its dual. 
Then we construct the loop representation tt*, a e C^, on L(y*) as follows: 

TT* = (idOTT* o^-i) o5 (3.11) 

In constructing the dual to Definition 3, one should note that taking the dual 
of a tensor product reverses the order of the factors and we want the dual of 
L(Vi, ®---®Vi^) to act on L((Vi, ® • • • ® VjJ*). 

Definition 5. Let (tt^*, ViJ, (i = 1, . . . , /c), be (/^ + 1) -dimensional highest weight 
representations ofUq{sl2) and let ai G C^. Then the module V*{l;a) = L(V'^* 

• • • (8) Vj*) is defined via the Uq(^sl2) action 



(3.12) 
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with Afe and Pl as before. 

Observe that V*{1; a) C {V{1: a))* . (3.10) is an equality between maps ?7g(s]2) — > 
L ® t/g (SI2) . It follows that if (Z, a) and (/', a') arc related to each other by reversal 
of order, then there is an isomorphism of loop modules 

V*{l,a)^V{l',q^a') (3.13) 

3.3 Character formula. Using the formulae for A('0^), A((/)_m) and A(x^) given 
in section 2.3, it is easy to see that the "highest weight components" Qi^n = t"' (g) 
(8) • • ■Uq' are eigenvectors of tpm and (f>-m, ("7- G Z>o), and are annihilated by 
the subalgebra N+. Write 



'ipm ■ ^l,n = Xl;a{i^m)^l, 
<P-m. ■ ^l,n = Xl;a{^-m)^l,n, (3-14) 
N+ ■ VLl^r. = 0, 

where the eigenvalues are in the ring L. (That is, we may regard V{1; a) as a 
free module of finite rank over the ring L.) Let H be the subalgebra of U'^ish) 
generated by '0^, k e Z>o, and let Hq be the quotient of H by its center. 

We can extend the function xi;a to a homomorphism of commutative algebras, 
Xi;a '■ Hq — > L, which preserves the grading. (Strictly speaking we should write 
Xi;a{p{'^k))j etc., p being the canonical projection to Hq, but the above notation is 
clear.) This leads naturally to: 

Definition 6. The character xi;a of the loop module V{1; a) is deGned by the 
eigenvalues Xi;a{'4'm), X«;o(0-m) extended to a homomorphism of commutative al- 
gebras 

Xi-a :Ho^L. (3.15) 
For V{1; a), the eigenvalue formulae (3.14) have the explicit form 

V'o-(t"®^^) = 9'(t"«)v^), 
0o-(t"®^^) = 9-'(t"«)v^), 
V'm • (t" ® vl) = {q' - 9-')(a9')-^(t-+" ® vl), 
4>^m ■ (t" ® vl) = {q-' - 9')(a9') — (t— ® vl). 

Further formulae which we shall need are 



(3.16) 



V 1 — aq'-ut/ 

^M-(t"«.S) = ( f!:J;"\':: )(t"«.;). 



(3.17) 



1 — (aq'-ut)' 

These are, of course, formal expansions in the spirit of (2.7). It follows that 

hm ■ it"" <H) ^^o) = m-^[Ha"'(t"'+" (g) v^) (3.18) 
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From (2.13) we know that A{ijjk) = X]j=o('*/'j ''^o^) ®{i^k-j ■^i',n), where 
I' — h, ■ ■ ■ ,h and a' — 02, • ■ ■ , Ofe. Moreover, this may be extended to the /c-fold 
iteration of the co-product. This convolution property enables general formulae for 
the eigenvalues to be constructed quite readily, either as explicit formulae, or by 
using the multiplicative property which is implied, namely 



Lemma 3.2. Let V{1; a) be a quantum loop module. Then the character function 
has the additive property Xi-A^ra) = Xh;ai{hm), (m G Z^o)- 

Proof. This follows immediately from equations (2.7) and (3.19). □ 
We proceed to an important theorem concerning the character function. 

Theorem 1. The image ofxi;a is a Laurent suhring of L i.e., xi;a{Ho) = Cff^, t"*"], 
for some integer r > 0. 

Proof. From (3.18) we find 

k k 

Xl;a{hm) = m-\q - g-^)-H"^(5](a,Q^0'" - Y.^a,q-'^r)- (3-20) 

Let Hi, i = 1, . . . ,p he the distinct elements of the set {ajq^^ , —ajq~^^ | 1 < J < ^j, 
and let /Xj be the multiplicity of i/i, then 

Xl;a{h2m-i) = (2m - l)-\q - q-')-h^^-^Y.^i.y^^-\ (3.21) 

i=l 

The determinant of the matrix (y^"^~^)i<i,m<p is proportional to a Vandermonde 
determinant, so that the characters Xi;a{h2m-i) cannot all vanish simultaneously 
in the range 1 < m < p. Similarly, Xi;a{,h-2m+i) do not all vanish simultaneously 
in the same range. Therefore there exists integers r, s G {l,...,2p— 1} such that 
Xi;a{hr) 7^ Xi;a{h-s) 7^ 0. The rest of the proof proceeds exactly as in Lemma 
4.1, p. 328 of [23]. ' □ 

In the sequel we shall assume that that r = 1, i.e. that the map xi;a is surjective, 
unless otherwise stated. 

3.4 A determinant formula. Our strategy is as follows. First we shall prove, in 
Lemma 4.1, that the module V{l;a), with the dimensions of the factors in the 
order h < . . . < Ik, is generated by Qi^n provided that 

aj/a,^q^^'+^^-^P+^\ 0<p<h, i < j. (3.22) 
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The dual module V*{l]a) is isomorphic to V{l']a'), with {l']a') obtained from 
(Z; a) by reversal of order: the proof used in Lemmas 3.4 & 4.1 may be modified to 
show that V{1'; a') is is generated by ri/',n) but now under the conditions 

a^/aj ^ g-(''+^^-2p+2), 0<p<lj, i < j. (3.23) 

Duality and isomorphism of the two modules so generated leads to their irreducibil- 
ity, and then further to the fact that all V{1"; a"), where {I"; a") is obtained from 
(Z; a) by arbitrary permutation, are irreducible and generated by fli"^n (Theorem 
2). Finally we show that, when the conditions of Theorem 2 are not satisfied, the 
modules are reducible (Theorem 3). 

We recall some definitions and results from [25] which generalize the conditions 
(3.22,3.23) to arbitrary (Z;a). 

Definition 7. Given an {m + l)-dimensional irreducible Uq(^sl2) module Vm, and a 
parameter a E , the associated q-string Smia) is the set Sm{a) = {a~^q'^~^, • • • , 

^-l^l-my 

Definition 8. The q-strings Si and S2 are said to be in general position if either 
SiU S2 is not a q-string, or Si G S2 or S2 <Z Si. 

Lemma 3.3. The q-strings Sjn{(i) and Sn{b) are in general position if and only if 

{b/a ^ qMm+n-2p+2) I < j9 < min(m, n)}. 

We shall show that the necessary and sufficient condition for a loop module to be 
generated by Qi^n and irreducible is that all the g-strings are in general position. 

As a preliminary to Lemma 4.1, wc prove a result concerning the coefficient 
matrix A which appears in equation (4.8) below. This matrix has the definition 

r 

^r,j^J2^-dr-s,j+u l<r<k, l<j<k, (3.24) 

where bi = g'^~^*ai, {0 < i < /i), bj — q^^CLj, (j > 1) and the ds,j are numerical 
factors in the character formula tpg ■ {vq ® ■ ■ ■ ® Vq") — dsj{t^ ® f g ® ■ ■ ■ ^ Vq"), 
together with dg^k+i = <^s,o- The columns of A are discrete convolutions, as are the 
ds,j- So it is natural to introduce generating functions for the columns: Aj{u) = 
'^'^i Arju'^~^, since they factorise: 

00 00 

r>0 r>0 

^ bj yr g'' - uq-^'bj 
1 — ubj 1 — ubi 

^ i=j+l * 

In this calculation we have used (3.17). We use this to evaluate the determinant 
of A in an elementary way. 



(3.25) 
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Lemma 3.4. 

det A = Y[brY[{q^'br- q~^'bs) (3.26) 

r r<s 

Proof. The determinant is a multinomial in the variables bj: for g = 1, it is a 
Vandermonde determinant with the stated factorisation. From (3.25) we can see 
that the highest and lowest powers of q which can occur are correctly given by 
(3.26). Therefore (3.26) is proved if we can show that the determinant has the 
stated linear factors (g^^6r — <?~^^^s), {r < s), since no further factors involving q 
are then possible. To obtain these factors, we show that if br = q~'^^''bs, there exist 
constants Cr, ■ ■ ■ , Cs, not all zero, such that X^^^^ CiAi{u) = 0, which implies that 
the columns of the matrix are linearly dependent for any k. After substituting and 
simplifying, these equations read 

^ c^bj -A- q^^ -uq-^ibj Csbs _ 

i=r j=i+l ■' 

If br = q~'^^''bs, there is a cancellation in the first term, which becomes 

Cr^r W g'^ -Uq-^^bj 

11 1 - ub, ■ ^^-^^^ 

^ j=r+l ■> 

There is a common factor {1—ubs) in the denominators in (3.27), which we discard; 
the other factors are {l—ubi), {r <i < s). Rationalising, we obtain Ylil=r (^i^ii'^) = 
0. But the polynomials Viiu) are all of degree s— r— 1, and s— r+1 such polynomials 
are necessarily linearly dependent. □ 

4. Reducibility and Irreducibility 

4.1 Cyclic property. The following result is of central importance. 

Lemma 4.1. Suppose that (Z, a) is such that the q-strings Sl^ (a^) are all in general 
position relative to each other, and that the dimensions of the terms in the tensor 
product arc in one of the orders li < ... < Ik or li > ... > Then the loop 
module V{l;a) is generated by any one of the following vectors: 

^i,n = ® •yo^ ® ■ • ■ ® (4.1) 

where the Vq are highest weight vectors of the irreducible Uq^sh) modules Vl^. 

Proof. We shall give the proof for the first ordering only. It is enough to show 
that all the vectors 



t"* ® vWq • • • (8) Vkvl^ , iVi e N_), 



(4.2) 
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are in the submodule generated by fli^n- By Theorem 1 and our assumption that 
r = 1, we know that for any m,n E Z there exists a Qm-n ^ Hq such that 

Xl;a{Qm-n) = t"""", giving 

Qm-n • ^l,n = ^l,m, {m G Z). (4.3) 

Therefore we have only to show that any one of the vectors (4.2) is in the submodule 
generated by fi/,n, (n e Z). We prove this by induction on k. The case A; = 1 is 
obvious from the definitions. Let V = {I2, ■ ■ ■ , h), o,' = (02, . . . , a^) and define 

^l',n = ® ® • • • ® ^oN (4-4) 

First we prove that V{l,a) is generated by v^^ ® ^i',n where v^^ is the lowest 
weight vector in V/^. By the induction hypothesis, V{l',a') is generated by fir,n- 
Recall that Ug{sl2) = N_HN+. For any w e V{l',a') there exists x e such 
that w = X ■ fii',n- Using (2.12): 

A{x) ■ {vll ® ^«'.^) = ^il ® ^- (4.5) 
This means that vll ® "^(^'' 

a') is generated by v^l (g> ^i',n- Now 

^0 • i'^il <^w) = {x^ ■ vll )'^w+{K ■ vll ) ® (^0 ^) • (4-6) 

So vl'_^^V{l', a') is also generated from vll A finite induction completes 

the first step of the proof. 

The second step consists in showing that for each (0 < i < /i), the vector 
vl^i ®fli',n is generated by the vectors vl^ ^Qf^n+r, for {1 <r < k). Repeating this 
process, we will show that vll ® 

jT, is in the submodule generated by Vq ® ^I'^n- 
From the first step and (4.3), this will complete the proof. Now 

r 

x; ■ (t^ ® vl' 0ni,) = t'^0 vl' ® (x; • + J] « (^7 ■4')® {As -^v)- (4.7) 

Iterating this process, we get 

k 

x- ■ (t"^ ® vl' ® Qr) = Yl Arjt"^^' ®vl' ^---^if ■Vq')®---(^vI\ (4.8) 

where the A^j were defined in (3.24). From Lemma 3.4 we conclude that the 
equations do indeed have a solution under the stated conditions. 

Finally, we should note that there is a double induction, starting with the case 
that ^i',n = ® Vq . In the course of the process, every one of the conditions 
(3.22) are required - precisely half of the general position conditions. 
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The remaining conditions (3.23) are required to repeat the proof with the 
other ordering li > ... > Ij^. The main difference is that one notes, from the 
decomposition (4.9), that generation from the highest component Qi^n is equivalent 
to generation from the lowest: Qi^^i = t"' <8) • • • <8) vl'^ . The first step becomes a 

proof that V{1, a) is generated by Vq^ ^Qi'^n, whilst in the second step one replaces 
in equations (4.7) and (4.8) by to show that for each {0 < i < h), the 
vector vl^_-^ H^/^^ is a linear combination of vectors vl^ Clii^n+n for (1 < r < k). 
□ 

4.2 Irreducibility. We know from C/q(si2) theory that 

Vm^Vn^ ®;iT'''^Vr^+n-2p (4.9) 

Since Uq{sl2) is a subalgebra of Uq^sh), the loop modules have such a Uq^sh) 
weight decomposition, with highest component Vn, N = Yl'j=ih- The simplest 
case, V{1, 1; a, 6), is instructive. We have the following: 

(i) If a/b — and 7^ 1, then = v\®v\ generates the whole module, but the 
vector Q,x= v\®v\ — qv\ ® v\ generates a one-dimensional submodule. 

(ii) li hja — and g'^ 7^ 1, then Vt — Vq ® generates a three-dimensional 
submodule, whilst the vector Q,i — Vq®v\— qv\ ® Vq generates the whole module. 

(iii) V*{1, 1; a, h) has a complementary structure in each case. 

(iv) The above illustrates why it is necessary to prove that the modules y (Z; a) 
and F(r; a') are both generated from their highest component, even if V = I. 

Obviously modules which satisfy the conditions of Lemma 4.1 cannot have 
proper submodules which contain the highest component Vjv of (4.9). This leads 
immediately to the following result. 

Lemma 4.2. Under the conditions of Lemma 4. 1 , the modules V{l,a) and V*{l,a) 
are irreducible. 

Proof. Suppose that W is a proper submodule of V{1, a), then its annihilator 
is a proper submodule of V*{1, a) which does contain the highest component. This 
is not possible. □ 

Theorem 2. Suppose that V{l;a) satisfies the conditions of Lemma 4.1, and that 
V = a{l), a' = a{a), where a is a permutation of k objects. Then V{l';a') is 
irreducible and is generated by any vector of the form (4.1). 

Proof. We have that V{l;a) is generated by il/^n; ^ind is irreducible. Moreover, 
generates a submodule of V{l';a'). Define a map V{l;a) — V{l';a') by 
X ■ Qi^n ^ X ■ ^i',m for all X G Uq(^sl2). This is obviously a homomorphism of 
Uq[sl2) modules which is injective because V{l;a) is irreducible. We must show 
that it is surjective. This follows from the fact that it preserves the grading, and 
the image of the finite-dimensional weight space at each grading level already has 
dimension 11^=1 ^j- ^ 
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The fact that the module V{1; a) is generated by its highest component Qi^n 
does not guarantee irreducibihty. But the converse does hold. Therefore, the 
method used to prove this last theorem gives a number of corollaries: 

Corollary 4.1. Suppose that V{1; a) is irreducible and that I' — a' — a{a). 
for some permutation a. Then V{1'; a') is irreducible. 

Corollary 4.2. Suppose that V{1; a) and V{1'; a') are irreducible. Then the fol- 
lowing are equivalent: 

(i) the characters are proportional: xi,a — cxi',a'- 

(ii) V{1; a) is isomorphic to V{1'; a'). 

(ii) there is a permutation a and a s E such that I' — a{l) and a' — s a{a). 

4.3 Reducibility. Let us now show that the conditions of general position are 
necessary as well as sufficient for irreducibility. The crucial step is to consider the 
module V{m, n; a, b). 

Lemma 4.3. Let Cl^ = ftp, where ftp is the Uq[sl2) highest weight vector of 
the component Vjn+n-2p in (4.9) and Qp is a weight vector in V{m, n; a, h). Then 
we have iV+-n; = 0, and hk-% = cf);+^ (V/c G Z), if and only if b/ a = qm+n-2p+2^ 
(0 < p < min(m, n) ). 

Proof. The proof involves a long computation. We give details only in the case 
that m < n. Then, the Uqi^sh) highest weight vector Qp is given by 

p 

Qp = ^(-l)*g^^"^-*+^)[m -i]\[n-p + ® v;_i. (4.10) 

i=0 

By construction, we have Xq ■ ^Ip = 0. By explicit computation we will show that 

x+,-n; = o, h^^ ■ a; = c±nf\ (4.ii) 

for some constants c±, if and only if b/a = qi"^+»i-2p+2_ Xhis done, it is an easy 
induction to extend the condition to all the generators , {k E Z) of A''_|_ using 
the commutators 

[/i_l,4] = (g + g-l)4_^, = (g + g-l)4^^. (4.12) 

By direct computation, one first shows that xlj^ ■ = if and only if 6/a = 
^m+n-2p+2_ rpj^-g ^g^g ^^ve isomorphism (2.8) to find ^{xti) = A{K-^-f-^fo) = 
A{K-^^-^){fo ® t^' + 1 ® /o). Therefore, 

{ifa ipb)A{xti) = {K-^ K-^){t-^a-^e ® K + t"^ ® b'^e) (4.13) 

which allows the computation to be completed. Now consider the vector flp = 
h-i ■ Qp. From [/i_i,a;o] = {q + q~^)x'ti we find that ei ■ Qt, = 0, i.e., is 
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also a Uq^sh) highest weight vector of the same Uq[sl2) weight as fip. Moreover, 
(i ■ Op = (s — l)Op, which shows that is proportional to 0,p~^. 

We must also prove the analogous result for /c = 1. First we need that hi-Qp — 
cOp+^ if and only if b/a = q^+n-2p+2 _ This time we use hi = [xq , a;^]K~^7 
together with (2.8) to find 

{^a ® ^b)Hhi) = (1 - g^)at/e ® 1 + (1 - q'^)bt ® fe+ 

/ 2 2^ ... (K-K-^\ ^ ^ fK-K-^\ (4.14) 

(?" - q )atfK e + at ( ^ _ ^-i ) 1 + &t ® f ^ _ ^-i J • 

A long computation gives the desired result. Since [/ii,a:J] = {q + q~^)xf, this 
gives x'l - Op = 0. The second statement, hk ■ = 00^+^ (V/c e Z), is now easily- 
proved. □ 

Lemma 4.4. V{m,n; a,b) is irreducible if and only if 5'^(a) and Sn{b) are in 
general position. 

The "if" part is the subject of Theorem 2. From Lemma 4.3 V{m, n; a, b) has a 
submodule generated by ii b/a = qi^+i^-^p+'^ ^ for < p < min(m, n). Recall 
that F*(m, n; a, b) is isomorphic to V(n, m; g^a), so it has a submodule gener- 
ated in the same way when a/b = q'm+n-2p+2^ Together these possibilities exhaust 
the conditions of the lemma. Moreover, V{m,n;a,b) and V*{m,n;a,b) must be 
both irreducible or both reducible. □ 

Theorem 3. V{l;a) is irreducible if and only if all the q-strings S^{ai) are in 
general position relative to each other. 

Proof. Assume first that some pair 5;. (ai), Sij{aj), {i ^ j), are not in general 
position, but that V{1; a) is irreducible. By Theorem 2 we can assume that j = 
But then Lemma 4.4 shows that there is a proper submodule. The sufficiency of 
the condition was already proved. □ 

4.4 Integrability. For completeness we also note: 

Theorem 4. Every irreducible loop module V{1; a) is integrable. 

Proof. The argument in proposition 2.2 of [24] can be very easily generalized to 
the quantum case. □ 

4.5 Tensor Products. In the previous section we saw that Uq(^sl2) loop modules 

share many of the properties with finite-dimensional [/^(si2) modules, particularly 
in the way the parameters determine their irreducibility. Tensor products of irre- 
ducible finite- dimensional U^(^sl2) modules are again irreducible in the generic case. 
However, this is not true for loop modules. Let I = {li, . . . , Ik), a = (ai, . . . , a^), 
and I' = {I'l,..., I'k^), a' = {a[, . .., a'^,). We put {I, I') = [h, . . . , Ik, I'k') and 

(a, a') = (ai, . . . , a/., a^, . . . , a^,). Define the linear map, for s,s' e , 



Ps,s' : V{1; a) ® V{1'; a') — > V{1, 1'; sa, s'a') 



(4.15) 
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by 

Ps,s' : (f" (S)w)(g) (t"' (g) w') ^ s'^s"'' t"+"' (g)w(S)w' (4.16) 

One checks readily that this is a t/^ (si2) -linear map, using the coassociativity of 
the co-product. In the generic case we may assume that V{l]a), V{l';a') and 
V{l,l'; sa, s'a') are all irreducible. Thus we see that V{l;a) ® V{l';a') has un- 
countably many quotients. This is already noted, for the Lie algebra case, in [24]. 

In view of corollary 4.2, we may restrict ourselves to the case that s' = 1. We 
also define the algebraic direct integral, 

/■© 

/ V{l,l';sa,a')ds, (4.17) 
as in [24] , to be the space of algebraic maps 

a;:C^ ^L(| V;, Vi'.), (4.18) 
equipped with the Uq{sl2) action given by 

{X ■ W){s) = Pl O {n-sa ® n'-a') O A{x) w{s). (4.19) 

Theorem 5. J® V(l, Z'; sa, a') ds is isomorphic to V(l; a) ® V{1'; a'). 

Proof. Assign to each {t'^®w)®{t'^ ®w') the map given by uj{s) = s"^t"'+"' ^w®w'. 
This map is t/^ (si2) -linear, and its kernel is obviously trivial. Clearly the direct 
integral is generated by the map u)n,n'{s) — s'^Q ® H', where Q and Q' , with 
degree n, n', are the generators of V{l;a), V{l';a') respectively. Therefore the 
t/q(si2) -linear map is also surjective. □ 

5. Crystal Base 

5.1 Basic notions. We recall from [26] some basic notions concerning the upper 
and lower crystal lattices and bases, here restricted to integrable Uq{sl2) modules. 

They are related by an appropriate choice of coalgcbra structure. The co-product 
and antipode defined in (2.10) will be called upper coproduct A_|_ and antipode 
5'+. The lower coproduct A = A_ and the corresponding antipode S- are defined 

by 

A_(ei) = Ci t-^ + 1 Cj, S_{ei) = -Siti, 

A_(/,) = fi®l + ti®h, S_{U) = -t-^fi, (5.1) 

A_(ti) =ti^ti, S-iti)=t-\ 

To define crystal lattices and bases one considers Uq[sl2) as an algebra over the 
rational function field Q(q), where q is now a formal variable, or a transcendental 
number over Q [26]. 
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Let M be an integrable Ug(^sl2) module with finite-dimensional weight spaces 
Mj^, and let A{q) be the subring of Q{q) consisting of rational functions regular at 
q = 0. We describe the construction of the lower crystal lattice/base. For i = 0, 1, 
any weight vector u E M belongs to a Uq{sl2) subalgebra generated by Cj, /j, and 
M can therefore be uniquely decomposed as 

M= /i"^-(Kere,nM,), (5.2) 

Q<n<{hi,v) 

where e^^^ — ef/[A;]!, f'^^'' — /[k]\. One defines linear maps e^, /j, in End(M) as 
follows [26]. 

fi ■ ift^ ■ u) = ft^'^ ■ u, e, • (/f ) • u) = f^-'^ . u, (5.3) 

for u G Ker Ci fl M^^ with < n < {hi, v). There is a similar definition in [26] of 
operators e^^ and j^^ suitable for the upper crystal base. The crystal lattice and 
crystal base at q = are defined using these modified Chevalley generators Cj, /j. 
The pair (L, S) is a lower crystal base of the integrable module M if and only if 
the following properties hold. 

(i) L is a free ^(q')-module such that M = L <SiA{q) Q{q)- 

(ii) 5 is a base of the Q- vector space L/qL. 

(in) CiL C L, fiL C L and e^S C 5 U {0}, fiBcBU {0}. 

(iv) Corresponding to the weight space decomposition M = ©Mj^ we have L = 
and B = UB^ with = L n a.nd B^ = B n M^. 

(v) If b,b'eB then 6' = /, ■ 6 if and only if 6 = e, ■ b'. 

L is called the crystal lattice, and B is the crystal base. The properties of a 
crystal base (L, B) of an integrable Uq{sl2) module M, when it exists, are captured 
in the definition of the crystal graph Q. The vertices of Q are the elements of B. 
To each pair b,b' & B such that b' = fi • b, there corresponds an arrow from b to 
b', labeled by i. 

An integrable highest weight module V^(A) has the standard crystal base at 
g = described as follows. 

L(A) = ■■■k- «A, B{X) = L(A) mod?L(A)\{0}, (5.4a) 

(A)^ = ?(^'^)-(^'^)L(A)^, 5'^^(A)^ = ?(^'^)-(^'^)5(A)^. (5.46) 

It is easy to see that the crystal base of the Uq{sl2) module Vi defined in (2.2) is 
given by v^, A; = 0, 

5.2 Construction for loop modules. We shall now present some results on the 
crystal bases of loop modules. We shall see that not all the loop modules V{l;a) 

admit a crystal base. Furthermore, when a crystal base exists, it may not be 
unique, and the crystal graph is not always connected (recall that uniqueness of B 
is always modgL). We shall consider only the lower crystal base, the upper one is 
related to the lower one by the relations such as those in (5.46) above [26,28]. 
We start with two basic observations. 
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Lemma 5.1. 

(i) Suppose the loop module V{1; a) has a crystal base (L, B). Then every b E B 
is proportional (mod qL) to some vector of the form ® f ^-^ ® ■ ■ • ® f , where 
p e Z and < ji < li, i = 1, . . . ,k. 

(ii) Assume {L,B) and {L',B') are two crystal bases of a loop module V{l;a), 

with L = L' . Let S be a connected subgraph of the crystal graph Q, and let S 
and S' be the subsets of B and B' corresponding to S. Then S' = aS (modgL), 
a eQ. 

Proof Let Ui be the Uq{sl2) subalgebra of Uq{sl2) generated by ei and /i. The 
structure of the module V{1\ a) restricted to Ui ® Cd is as foUows: 

V(Z;a) = 0Mp, (5.5) 

where Mp is the eigenspace of d with eigenvalue p and 

Mp^M = Vi,®---®Vi^, (5.6) 

as a Uq{sl2) module. We know by proposition 6 of [26] that the crystal base of M 
may be taken as S'-^-' = {t;'^ ® ■ ■ ■ ® '^\\)- By the above-mentioned point (iv) of 
the definition of a crystal base, B must have a decomposition: 

B=[jBp, (5.7) 

with Bp the subset of eigenvectors of d with eigenvalue p. Now B has to be a 
crystal base with respect to ?7i, and by the uniqueness theorem for crystal bases 
of finite-dimensional representations of Uq{sl2) [26], every h e Bp is proportional 
to some vector of ® B^^^ (modgL). This proves (i). 

Suppose {L,B) and {L' , B') are two crystal bases of V{l;a). Then by (i) 
every b E B is proportional to some b' e B'. Take bo E S, b'o e S' such that 
6q = abo, CK e Q. By the assumption of connectedness, every b & S can be written 
as b — P ■ bo, where P is a monomial in the variables ii, fi, i = 0, 1. Therefore, 
ab — P ■ bQ E S', and (ii) is proved. □ 

Next we note the following obvious, but important [29] 

Lemma 5.2. Let a E Q, and L be the free A{q)-module generated by vj^, 
p e Z, < k < m. The loop module F(m; a) has a crystal base {L, B) given by 
B = {t^ a^v'^ , p E Z, < k < m}. Its crystal graph is connected and the crystal 
base {L, B) is unique (mod qL) up to an overall multiplicative constant. 

The crystal graph of V{m; a) is given^on figure 1. The solid arrows correspond to 
the action of /i, the dashed ones to /q. 

The remainder of this section is devoted to a study of V{m, n; a, b). We assume 
that a,b E Q. Because q is transcendent over Q, this automatically implies that 
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Sm{tt) and Sn{b) are in general position, and thus that V{m, n; a, b) is irreducible. 
We begin with a simple remark. Suppose f{q) G Q{q), and suppose the term in 
the Laurent expansion of f{q) about q = with the lowest exponent of q is aq^ , 
where a e C^, A/" e Z. We abbreviate this by f{q) aq^ . Then we have, for 
k e Z>o 

[k]^q-''+\ [k]-^^q''-\ (5.8) 




Figure 1. The crystal graph of V^(l; a) 



By proposition 6 of [26], we know that the crystal base of Vm may be 

taken as S = {vj^ (S> f ^ | < j < m, < /c < n}. Hence the crystal base of 
V{m, n; a, b) considered as a Uq{sl2) module is given by 

Bi = {tP0vJ'®v'^\O<j<m, 0<k<n, pe Z}, (5.9) 
and the action of /i on Bi is: 

/i • (t^' vj" ® v^) = (g) vj]_^ mod qLi, m-j> k, (5.10a) 

/i • (t^' (8) ® v^) =tP0 vf ® v^+i mod^Li, m-j<k. (5.106) 

Denote by Li the vector space over Q(g) spanned by Bi. The generators cq and 
/o act on V{m, n; a, b) as the operators 

eo = t® (a/i + 6(8) /i), /o = (a~^ei 1 + 6"^];^ (g) d). (5.11) 

Lemma 5.3. Let p e Z and e {0, 1, . . . , min(m, n)}, and define uj^ — t^® f ^ 
Tiien 

y (m, n; a, 6) n Ker Co 9 o;^ modgfLi. (5.12) 
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Proof. Consider the linear combination 

k 

ni = t^®Yl ^i<-3 ® <+3-k- (5.13) 

We obtain after some simple manipulations 

eo-n^ = tP+^® (5.14) 

k 

^(«,a[m -j + l]5-^+2fe-2j + aj_^h[n + j- k])vZ-j+i 

3 = i 

Thus fl^. e Ker eo if and only if 

aja[m -j + i]q-n+2k-2j ^ + _ /j] = q, Vj. (5.15) 

Therefore, 

& [n + j -fe] ^_2fc+2i /5^g^ 

If we set CKo = 1 = coefficient of oj^ in we get 

a,=(-iy(^-)n^^.^'. (5.17) 

and we find aj fti const gjC'" -'=+!). □ 



Lemma 5.4. Let pEZ, 0<j<m and < k < n. Then 

fo ■ {t^v]^ ® <_fc) = tP-'a-\jl, ® modgLi, j > fc, (5.18a) 

/o • (t^^]" <_fe) = tP-ife-i^;- modgLi, j < k. (5.186) 

Proof. Let us start by showing (5.18a). We have 

/o-(t^®<®<_fc) (5.19) 
= t^-^ (a-^m - j + l]^f_ 1 + 6-^9— +2^- [A; + l]^f ® <_,_i). 

The proof goes by induction on j. The case j = m follows from the previous 
lemma. Assume (5.18) has been proved for j ' + 1, j ' + 2, . . . , m. Then 

a^-'^tP (8) vj" ® = f^-^ ■ = f^"^''^ ■ mod^Li. (5.20) 

But (5.3) tells us that 

fo ■ (t^ ® <_fe) = [m - j + l]-Vo • (t^ ® < <-fc), (5.21) 
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therefore the properly normalized second term of (5.19) belongs to qLi, since 

[m-j + + 1]^ q'-^. (5.22) 

Next we prove the case j = k oi (5.186). Put 

Note that = ® f J' ® v^-j mod gLi. It is easy to see that 

•^A'^ ^ _ . (5.24) 



k=i 



n 

n— j+fe — 1 ) 



where 

Pj,, = q-^[m -j + k]- q-^+'^o--i\j -k + l]^ g-m+j-k _ ^-m+j-k ^ q (525) 

For the coefficient of the first term of (5.24) we find q~'^'^'^^\j + 1] ~ q~'^^^ . As 
above, (5.24) has to be normalized by multiplying it with the factor [m — j + l]~^ ^ 
qm-j_ This proves that fo ■ = \p-'^h-^vf ® K-j-i (mod^Li). 

It remains to prove (5.186) when j < k. Assume it has been proved already 
for k — 1, k — 2, . . . , j. The case k — j has just been dealt with. By the induction 
hypothesis, 

^^.k+j-m+j^p ^ ^rn ^ ^n_^ ^ jjk-j+m-j) ^p+m+k-2j ^^AqL^. (5.26) 

Hence the normalizing factor is [m + A; — 2j + 1]~^. Consider the two terms on the 
r.h.s. of (5.19). The coefficient of the first one becomes [m+fc— 2j + l]~^ [m— j + 1] ~ 
q^~^ , and the second one [m + — 2j + l]~^g~'"+^-^ [fc + 1] q^ . □ 

We can summarize the previous two lemmas as follows. Put fj^ = t^^f 
Then the action of the modified Chevalley generators on this base can be read from 
(5.10,5.18): 

(5.27a) 
(5.276) 
(5.28a) 
(5.286) 

Because there are structure constants different from 1, we call it the pseudo-crystal 
base. Its importance stems from the fact that each vector of any crystal base must 
be proportional to some by Lemma 5.1(i). We also define in the obvious way 
the notion of pseudo-crystal graph. To illustrate this, we give in figure 2 the 
pseudo-crystal graph of V(3, 2; a, 6). The graph itself can be thought of as being 
3-dimensional, the two horizontal dimensions corresponding to the indices j, A;, and 
the vertical dimension to p. The figure is the projection of the graph on the p = 
plane. The solid arrows correspond to the action of /i, the dashed ones to /o, 
which has of course also a vertical component not shown here. 
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Definition 9. Let j^k E Zi be such that < j < m, < k < n. We say that 

where 



cv 



jk 



V^rn, n; a, b) has an escalator at {j, k), if for every p G Z, /o/i 
c is either or b~^. If there exists (j, k) such that V{m, n; a, b) has an escalator 
at {j, k), but we do not want to specify the value(s) of {j, k), then we just say that 
V{m, n; a, b) has an escalator. 
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Figure 2. V{3,2;a,b) 

Lemma 5.5. V{m, n: a, b) has an escalator if and only if m ^ n. More precisely: 
if m > n, for every k G (0, . . . , n}, there exists j such that V{m, n; a, b) has an 
escalator at {j, k), and if m < n, for every j G {0, . . . , m}, there exists k such that 
V{m,n; a,b) has an escalator at {j,k). 



Proof. There are two possibilities for an escalator: either 

m — j > k 
j + 1 > n — k 



jk 



i+l,k 



p 

-1 p-1 



(5.29a) 
(5.296) 



or 



jk 



j,k+l 



1,-1 P-1 



m — j < k 
j < n — k — 1 



(5.30a) 
(5.306) 



In order for the first one, (5.29), to be realized, we must have n — k — 1 < j < m — k, 
so that m > n. For the second one, (5.30), we must have m— j<k<n— j — 1, 
hence m < n. Conversely, if m 7^ n, it is clear that we can find j, k satisfying the 
conditions in (5.29) or (5.30). □ 
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Figure 3a. V{2, 2; a, b) 



— 1-^ 

A 

t-->-^-- l I 

Figm-e 3b. V(2, 1; a, b) 




1-<> -f -<> 



i- 
A 



A 



1 > I 

Figure 3c. F(4, 2; a, 6) 



4 < I 



The escalators are easy to recognize on the projection of the pseudo-crystal 
graph. They correspond to the pairs of vertices in the projection which are con- 
nected by two arrows of opposite direction, one coming from fi and the other from 
/o. In figure 3, we give the projections of the pseudo-crystal graphs of V{2, 2; a, b), 
V{2,1; a,b) and F(4, 2; a, b). 

For < J < m, < A; < n, we define the quantity djk = min(A;, m — j). Then 
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for each p G Z, G {0, . . . , min(m, n)}, the vectors f such that djk = N form 
the crystal base of an irreducible submodule of the algebra generated by ei and fi. 

Theorem 6. Let L be the free A{q)-module generated by Vjj^, with p G Z, < 
j < m, < k < n. 

(i) Ifm — n and ^/b/a G Q, then the vectors 

where e = ±1, define two crystal bases (L, and {L,B^~^^) of V{m,n;a,b), 

which are not proportional. 

(ii) If m ^ n, then there exists no crystal base of V{m,n;a,b) unless a — b, in 
which case the vectors 

^jk = ^"^^ (5-32) 
define a crystal base (L, B), and every other crystal base is proportional to (L, B). 

Proof. The remark about djk preceding the theorem proves that B^^^^ are stable 
under ei, /i. Assume j > m — k. Then 

/o . = eP+''^''a-\abr/'ib/a)''^>'/'v^Zlk, (5-33) 

and dj-i^k = djk + l- Indeed, dj-i± = min(/c, m— j + but k < m — j + 1 together 
with j > m — k implies m — j < k < m — j + 1, which is impossible for /c G Z. Thus 
kym — j + l>m — j, and dj-i^k = m — j + 1 = min(fc, m — j) + 1 = djk + 1- 
From this it follows that the r.h.s. of (5.33) is equal to b^Zl'l- '^^^ j <m — k 
is similar. This proves (i). 

Now we show (ii). By Lemma 5.5, y(m,n;a,6) has min(m, n) escalators. 
Consider the subgraph Sjk of the pseudo-crystal graph corresponding to the esca- 
lator at (j, /c). This subgraph coincides with the crystal graph of V{l]a'). Thus 
if F(m, n; a, b) has a crystal base (L, S), with the decomposition (5.7) into eigen- 
vectors of d, and if 6 G 5p is a vertex of <Sjfc, then Lemma 5.1 and Lemma 5.2 
imply 

b = ajkx^v%, (5.34) 

where x = aorb according to whether m > n or m < n, and ajk G Q is independent 
of p. Next, observe that (5.34) holds for every b G Bp such that b is proportional 
to v^if^, with dj'k' = djk, as B must be crystalline for ei, /i. Hence there are 
constants ctj G Q, i = 1, . . . ,min(m,n), such that for every b G Bp, b — aiX^v^j^ 
with i = djk- 

Suppose now m > n, and let us concentrate our attention on the last two rows 
= n — 1, n of the projection of the pseudo-crystal graph. The reader may well 
look at the examples on the figures above, which illustrate our arguments. The 
left side of these two rows contains the two solid lines corresponding to the vertices 
with djk = n — 1 and n. They are connected on the last row by a horizontal dashed 
arrow corresponding to the action of /q. The effect of /o in this case is given by 
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(5.27a), therefore an = ctn-i- But they are also connected on the first column 
J = by a vertical arrow, in which case the action of /o is given by (5.276), from 
which we deduce a = b. An easy induction now shows that all the ctj are equal. 
The case m < n is similar. □ 

5.3 Connectedness of the crystal graph. In this paragraph we assume that the 
loop module V{m, n; a, b) is such that it has a crystal base B = {b^j.}, given in The- 
orem 6. Unlike the case of highest weight modules, the crystal graph of V{m, n; o, b) 
is not always connected, as can be seen for instance in the case of V{1, 1; a, 6), where 
it has two components. We shall now investigate this phenomenon in greater detail. 
To begin, we need the following remark. Let M be an integrable Uq[sl2) module, 
V e M, then 

Ci-v = Ci{v,q)ei-v, fi ■ v = Di{v,q)fi ■ v, i = 0, 1, (5.35) 

where Ci(f , g), Di{v, q) E Q{q). This follows frorn comparing (5.3) with (2.2). Thus 
if M has a crystal base (L, B), u E B, then Cifj ■ u = efjCi ■ u, where i ^ j and 
e G {0, 1}, in view of (2.3). Now if e = 0, then (5.35) implies fj-uE Kercj, and 
fjii - u = C{u, q)fjei ■ u = C{u, q)eifj ■ u = 0, with C{u, q) E Q(g). Hence we have 
shown: 

Cifj ■ u = fjCi -u, u E B, i j. (5.36) 

Theorem 7. 

(i) The crystal graph of V{m, n; a, b) is connected if and only if m^n. 

(ii) Ifm = n, it has two components. 

Proof. Suppose m ^ n. Then by Lemma 5.5, V{m,n] a,b) has an escalator, and 
looking at (5.29, 5.30) we see that its crystal graph has an infinite subgraph S of 
the form 

or 

To prove the connectedness of the crystal graph, it is enough to show that there 
exists a path from every vertex 6^,^, to E. This last fact is proved as follows. 

If j > 0, = {fi?^^''-'^bP^^_j, since bl^_j E KereimodgL, and similarly, 
= (/o)2''-"'+^6P+2''-™+-''. Therefore, Vp E Z, the vertex is connected 
to the SE corner of degree p + 2n — m + j, i.e. b^J^^~'^^^ . On the other hand, 
because the escalator S is infinite, and contains vertices of all degrees p G Z, there 
exists a vertex of S connected to the same SE corner of degree p + 2n — m + j. 
Thus, we have shown that m n is a sufficient condition for connectedness. We 
now prove that it is also a necessary condition, by showing that, if m = n, Vp G Z, 
Vj, k, the vertices and are not connected. Assume for a contradiction that 

there exists a monomial P{ei, /»), i = 0, 1, such that 



(5.39) 
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Consider the length of the word P, i.e. the number of its letters e^, fi. Let Pq 
be the monomial of minimal length satisfying (5.39). Then Pq is a function of the 
letters fi only, not the e^. Indeed, suppose that Pq involves both and /j. Then 
by virtue of (5.36) above, one can permute the factors fi and Sj for i ^ j, without 
changing the length, until one of the sequences e-ifi, fiCi, i = 0,1 appears. (Such 
a sequence is bound to appear, for the only possibility to avoid this is when 

Po = e^vr or gr/r- (5-40) 

But this is forbidden by (5.39): the eigenvalue of ti acting on and 6^^^ being 
the same, we must have tiPot^^ — Pq, while this does not hold in (5.40).) 

Now Cifi = fiCi = 1, and hence we get a monomial satisfying (5.39) shorter 
than Pq, contradicting minimality. Taking into account the fact that there is a 
difference of 1 in the degrees p and p — 1 of the vectors in (5.39), so that we must 
also have [ci, Po] = —Pq, which means that Pq contains /o with multiplicity 1, we 
are left with the two possibilities Pq = /o/i, /i/o- But these are also ruled out by 
Lemma 5.5. 

It remains to prove (ii). We do this by studying Qrn, the crystal graph of 
V{m, m; a, b). More precisely we will show that \/p G Z, Vj, k, the vertices b^i^ and 

6^^^ are connected. This implies the statement in the theorem, as the projection 
of the crystal graph on the p = plane is connected. 

The case m = 1 is obvious by looking at ^i. Assume it has been shown for 
Qrn- To prove it for Qm+i, it is enough to show that every one of the vertices of 
Qrn+i \ Qm has the required property. But this is clear from an inspection of the 
graph. □ 

6. Eigenstates of the XXZ Hamiltonian 

6.1 Basic constructions. The XXZ Hamiltonian is formally defined as 

^ oo 

^xxz = -2 E + (6-1) 

fe=— oo 

where af, etc., are Pauli matrices acting at site k, and the four-fermion coupling 
constant A is related to the quantum algebra parameter q hj A = {q + q~^)/2. 
Similarly, the generator of the (two-sided) corner transfer matrix has the formal 
definition 

oo 
A;= — oo 

It is shown in [21] that the left-hand half {k > 0) of the CTM may be identi- 
fied with the derivation d of Uq(^sl2), acting on a standard level- 1 highest weight 
module. There are two such modules, V{Ao) and V{Ai), which correspond to the 
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two possible choices of boundary condition in the anti-ferromagnetic regime. The 
right-hand half {k < 0) of the CTM acts similarly, but in a dual module, since the 
eigenvalues of this half of Hctm are negated. Let T be a shift by one lattice unit. 
Then the naive definitions of i^xxz and i^cTM make natural the identification 

;Hxxz = T ■ Hctm ■ — -ffcTM —T-d- — d. (6.3) 



1-q- 



Given this, the space of states involves the level-0 modules V{Ai) ^V*{Aj), — 
0, 1), i.e., loop modules. 

We turn to the necessary definitions for the vertex operators ( VOs) . They are 
intcrtwincrs of Uq[sl2) modules. The appropriate VOs for Hxxz intertwine the 
level-1 standard modules and the loop module V{l;a). In the sequel we use the 
notations of [12], thus we denote the variable t by ^ and the module V{l;a) by 
Vza- There are two basic types, 
(i) Type I: 

^f{z):V{X)^Vii,)®V,, 



(n) Type II: 

^l^(z):ViX)-^V,0V{^,), 



(6.5) 



The existence and the uniqueness of such vertex operators, once the overall nor- 
malisation is fixed, is proved in [28] in a general setting. Strictly speaking the 
image is a completion of the appropriate space, but we shall not worry about this. 
The grading is preserved, with the derivation acting on the tensor products as 
d0l + l0d. 

The translation operator T uses the type-I VOs, but as t/g(si2) intertwiners 
(formally, set z = 1). Type-I VOs preserve the crystal base, a property which is 
important in making the physical connection between translation and the action of 
these VOs [22] . Explicitly, a shift to the right by one lattice unit is the composition 
of maps: 

T ■.ViX)^V*iX') ^ V{i^)^V^V*{X') -^^ V{iJ,)^V*ifj,') (6.6) 

Note that translation by one lattice site changes the boundary condition. 

6.2 Particle states. In [12] , the vacuum state is identified as the canonical element 
of V{Ao) ® V*{Ao) corresponding to the identity map of Hom(V(Ao), V{Ao)): 

Wo = Y,Uk®ul. (6.7) 

k 

Here {uk} is a basis of V(Ao), and {u^} the dual basis of y*(Ao). Wq is a trivial 
one-dimensional Uq (si2) module, whose action is given by the co-unit s. 
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The creation operator (p±{z) is defined by the action 

■ {u ® u*) = ^'^^{z){v± ® -u) ® u*. (6.8) 
Plainly, (z) <S> id is an intertwining operator 

^>{,^{z) ® id : ® V{Ai) ® V*{Ao) V{Ai-i) ® F*(Ao). (6.9) 

We already noted that the trivial module Wq is embedded canonically in ^(Ao) (8) 
V*{Aq). Now remember that the intertwiner $^^(z) is really a formal Laurent 

expansion: ^y^{z){v± ® w) = Xlnez '^v'a n('^'^'^± ®'^)- Therefore, from (6.9) and 
the properties of the co-unit, we see that the one-particle states (p±{z) ■ Wq are 
the image under (^'v'Aq(-s) ® id) of Vz ® Wq, since {z"^ ® f±} is the basis of Vg. 
Vz is irreducible and the map ^yAo(^) ® id is a module homomorphism, so the 
one-particle states form a module which we identify with Vg. 

Now we iterate this process: the two-particle states are the image under 
^T/Ai ® ^d of Vz (E) Vz ® Wq and may be identified with the tensor product 
Vz(E)Vz. We know that such tensor products are infinitely reducible, with quotients 
V{1,1; s,l), s G C^. Therefore the 2-particle states are also infinitely reducible, 
and similarly for general N. The complex number s corresponds to the relative 
momentum of the particles via s = exp(i(pi — ^2))- In the Lie algebra case, it is 
shown in [24] that the variables must be unimodular in order that the modules 
be unitarizable, corresponding to real momenta. 

6.3 Crystal base. It was conjectured in [12] that the n-particle states, which are a 
set of linear maps in Hom(F(Ai), V{Aj)), preserve the crystal lattice, even though 
the type-II VOs which are employed in their definition do not enjoy this property. 
In fact, the space of states Va,a' is defined in section 7.1 of [12] using this assump- 
tion and it is observed that Wq G Va,a- Apart from the technical consideration, 
one expects that a reasonable physical theory should have this property since the 
conventional approach to the calculation of physical quantities such as correlation 
functions is that they are the infinite limit of a low-temperature expansion — here 
an expansion in the variable q about q = 0. The theory of the crystal base is 
precisely about how one might make such expansions even though the underlying 
field, Q(i?), contains elements with arbitrarily large negative power of q. 

Here we shall obtain some further partial results, extending the proof to 1- 
particle states and presenting further evidence to support the conjecture in general. 
We recall some results from [12]. 

Lemma 6.1. Let Tx G End(V(A)) denote the linear map 

Txu, = q^^'^'^-^'^u,, G V{\),. (6.10) 

Then the lower crystal lattice L* (A) of V* (A) is characterised as 



L*{X) = {ue V*{X) I {u,TxL{X))} G A{q). 



(6.11) 
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Proof. This result is proved in [12], proposition 6.2, for the upper crystal lattice. 
For the lower crystal lattice one simply uses (5.46). □ 

This has an implication for the vacuum state. If one chooses the basis {uk} in 
(6.7) to be also a crystal base of V(Ao), then the elements of the dual basis provide 
a crystal base when multiplied by appropriate powers of q: b^. = q~^'^P''^~'^''^ul. So 

Wo^Yl Q^^'^'^'^'^^h ® bl (6.12) 

k 

One sees that the crystal base of Wq is simply <8) • treat the one-particle 
states (fi±{z) ■ Wq, we need a preliminary idea. 

Lemma 6.2. Let L{X) be the lower crystal lattice of V{X), and let ^'(^^{z) : 
Vg V{X) — > be a type-II vertex operator, with respect to the lower co- 

product. Then for any u e T\L{X), we have ^y^{z) ■ {v± w) e L{ii). 

Proof. Without loss of generality we assume that tt is a weight vector of weight v. 
We use induction on the height (2/9, A — z/) , noting that (2p, A — z/) = mo + toi when 
X — v = motto + m\ai. We need only consider the case of ^^^^(z); the intertwiner 
^v\i ('^) obtained from it by a Dynkin diagram automorphism. The case 

that the height is zero involves only the highest weight vector «Aq. Consider the 
images ei-^y\^{z){v±®UAo) = ^y\^{z){ei-v±(^UA^) by the intertwining property. 



Substituting for Cj • v± in each case, we obtain the equations 

• ^i^Ao(2)(^^+ ® WAo) = ^^T/Ao(^)(^- ® '"Ao), (6.13a) 

eo-$^\^(^)(t;-®WAo) = 0, (6.136) 

ei-^'^Ao(^)(^+®«Ao) = 0, (6.13c) 

ei • ^^i,„(^)(^- «Ao) = ^vAo(^)i^+ ® ^Ao), (6.13rf) 



which implies that each weight component of the image is in a spin one- half Uq {sh) 
sub- module with respect to both i = and i = 1. Therefore the modified Chevalley 
generators fi have the same action as the fi on the image, which proves the initial 
step of the induction by (5.4a). 

For the inductive step, consider an arbitrary weight vector 
u e q^'^^'^~''^L{Ao),y, whose height is one more than the current level of the induc- 
tion. Then u = fiu' for some i and some u' , and the latter has the decomposition 

u' — X]j>o fi'^^''^j^ '^j ^ Ker(ei) V j. So m = X]j>o /i"'''"^'*^' sufficient to 

consider the case that there is only one term in the sum, i.e., u' = f^''^Uj, so that 
fiu' — [j + l]u. The crucial point is that 

g-Veg(2p,A-.')i,(Ao),,. (6.14) 
From the intertwining property fi ■ ^y\^(z)(v± (8) u') = ^y\^{z)(fi ■ v± u') -h 
^v\oi^)i^i ■'"±® fi- which implies 

.A, , w • ^VAo(^)(^± ® n') - ~^^\^{z){U ■ v± ® u') 
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The induction hypothesis apphes to the right hand side. Moreover, ei~^^u' — and 
either e^f ± = or e^v± — 0. By the intertwining property, 

^^ ~A , f M = j + 1 if eiv± = 0, 

ef •$^ko(-)(-±®«') = 0, \ ^ ' (6.16) 

IM = j + 2ir e^v± = 0. 

Write ^y\^{z){v± O u') = En^n- It is easy to see that {fi/[j + 1]) • Wn ~ 
q^~^^^fi-Wn, giving 

ifi/[j + 1]) • ^^Ao(^)(^± ® «^ I'^'-^'fi ■ ^v\oi^)iv± ® (6.17) 

Similar considerations apply to the other term on the right hand side of (6.14). 
The result follows immediately. □ 

Prom (6.12) and the preceeding lemma, it follows trivially that 

Theorem 8. The one-particle states (fi±{z) ■ Wq e Hom(V(Ao), V{Ai)) preserve 

the crystal lattice. 

One sees from the foregoing the difficulty in proceeding further. Formally any 
state is a sum of the form 

*(^i,---,^n) = ^Ck,l{zi,---,Zn)bk<®bi (6.18) 
k,l 

and we want to show that Ck,i{zi, • ■ ■ , Zn) G A{q). These coefficients are obtained 
from the definition (6.8) as infinite sums, with individual terms involving arbitrary 
negative powers of q. We expect that they should be analytic functions in some 
annulus which contains the physical region \zi \ = ■ ■ ■ = \zn\ = 1. But, as discussed 
in [12], the formal definition of the necessary matrix elements is by meromorphic 
continuation from the region \zi\ ^ ■•• ^ \zn\, around poles at Zi/zi+i — q"^ . 
Some method to perform the continuation is required for further progress to be 
made. Probably the necessary information is confined in the fact that the creation- 
annihilation operators provide a lattice realization of the Zamolodchikov algebra. 
Por example, the creation operators are known to satisfy (eqn.(7.10a) of [12]) 

= E {Ry*v*i^i/^2)y;2 <'S^2)^:'S^i) (6.19) 



where the R matrix (eqn.(6.18 ) of [12]) is meromorphic in the annulus q^ < \z\ < 
q~^. Moreover, the information about analyticity comes from general considera- 
tions and is needed to compute the normalision of the R matrix — which contains 
most of the analytic information — by the method of Prenkel and Reshetikhin 
[20]. The commutation relations in turn place severe constraints on the coefficients 
appearing in (6.18), possibly sufficiently strong to allow a proof of the conjecture 
about preservation of the crystal base for arbitrary n. But at present we are unable 
to find a way to construct such a proof. 
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7. Conclusions 

This paper has been concerned mainly with the study of loop modules of 
the quantum algebra Uq{sl2). The motivation for this study is the importance of 
representation theory in the solution of two-dimensional lattice models of statistical 
mechanics. The simplest loop modules — the affinization of an irreducible Uq{sl2) 
module — are of central importance in the papers cited in the introduction and are 
extensively studied in [29]. Nevertheless, some important and interesting questions 
are raised even in the solution of the six-vertex model. In [12] one sees that new 
features emerge in the n-particle sector with n > 2. The n-particle sectors are 
built on a certain symmetrisation, under the i?-matrix symmetry, of the tensor 
product of n copies of a simple Uq{sl2) module V^. Unlike the 1-particle sector, 
an understanding of the structure of these sectors at = left some unexplained 
puzzles. 

In the present paper we have defined rather general quantum loop modules, 
although certainly not the most general possible. In this regard our choice is 
dictated by the physically interesting questions raised by the cited works. Since 
the Uq{sl2) modules constructed herein are also U'q{sl2j modules, it is natural that 
our treatment should parallel the works of Chari and Pressley to some extent. In 
fact, the conditions we find for the modules to be cyclic are exactly those of the 
corresponding Lie algebra case; similarly the conditions for irreducibility are the 
same as for U'q{sl2) modules. One sees however that there is a sharp distinction 
between the irreducibility properties of loop modules constructed by affinizing a 
tensor product of irreducible Uq{sl2) modules Vi, • • • , 1^, and the tensor product 
of the affinizations of the individual Vj. The latter is highly reducible. 

The crystal base theory of Uq {sl2) modules has great significance in the phys- 
ical interpretation of the theory. It is the connecting link between the use of 
representation theory and the traditional method of low-temperature expansions. 
For this reason we have studied the next simplest case after F(m; a) in some detail. 
In particular, the modules V{m, n; a, b) do not have a crystal base in general unless 
m = n. In the latter case, the crystal graph is also not connected, although the 
module is irreducible. Presumably these properties extend to general loop modules 
V{1; a). This would be entirely consistent with the findings of Reshetikhin [30] (us- 
ing the Bethe Ansatz) and Idzumi eia/.[13] (using the quantum affine symmetry) 
for the higher spin generalization of the six-vertex model. The important point is 
that even though the basic representation are all spin k/2, k > 2, the elementary 
excitations of the system are all spin 1/2 particles. 

Section 6 also contains incomplete results. Nevertheless considerable new light 
is thrown onto the solution of the six-vertex model using the quantum affine sym- 
metry, presented in [12]. Here we just recall our results for the two-particle sector. 
We saw in section 6 that it is isomorphic to a tensor product ® V^, which is 
highly reducible into copies ofy(l,l;s,l), s G C^. Physically, this means that 
states of given total momentum s = S1S2 — recall that Sj = exp(mj), w G R — still 
are infinitely degenerate, with internal momentum given by the ratio s — Si/s2- 
This fact is exactly mirrored in the possibilities for constructing the crystal base. 
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It is well-known that the tensor product of irreducible finite-dimensional t/^(si2) 
modules is irreducible. But the crystal base for the n-particle sectors which was 
proposed in [12] has an infinite number of disconnected components, which corre- 
spond to only the fraction 1/n! of the number of such components which might 
be expected from taking the tensor product of n copies of the crystal base for 
Vz- There is no contradiction here: it simply illustrates the completely different 
reducibility properties of the tensor product of loop modules. 
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